Introduction {#Sec1}
============

Water is an essential need of human. The increasing population and industrialization result in the contamination of water which can be a source of infectious and noninfectious diseases. Water-borne diseases are one of the major problems in the world and contribute to 2 million deaths annually \[[@CR1]\].

Water is a pure substance consisting of hydrogen and oxygen. However, water is rarely found in its pure form. It contains the other ions. Hard-water is the water containing higher level of calcium and magnesium \[[@CR2]\]. A long-term consumption of hard water leads to the kidney dysfunction which can cause the other-related diseases \[[@CR2], [@CR3]\]. As its vital function is to excrete toxins and the overload amount of any substances in the human body \[[@CR4], [@CR5]\], the dysfunction kidneys can be considered as a silent killer \[[@CR3]\] and is a major problem in most developing countries \[[@CR6]\]. In Nusa Tenggara Timur (NTT), Indonesia, the water sources, which are generally consumed by the majority of citizens, mostly contain higher concentrations of calcium and magnesium ions \[[@CR7]\]. This might be one of the underlying factors contributing to a higher number of individuals with kidney problems \[[@CR8]\]. Data showed that NTT is in the top four province in Indonesia with a higher number of individuals with kidney problems \[[@CR8]\].

Mathematical models are commonly used to understand the complex phenomena \[[@CR9]--[@CR11]\]. Although a number of mathematical models have been developed to understand the transmission of water-borne diseases such as cholera and typhoid \[[@CR12], [@CR13]\], only small number of mathematical models of kidney-related diseases have been developed \[[@CR14]--[@CR18]\]. Tambaru et al. \[[@CR7]\] formulated a mathematical model for kidney dysfunction and found that the control on water can reduce the number of individuals with kidney dysfunction. The model includes a control parameter on water only. Furthermore, the control parameter did not depend on time. Ndii et al. \[[@CR14], [@CR15]\] formulated a mathematical model for the effects of hard water consumption on kidney dysfunctions and kidney-related diseases and formulated a numerical scheme to solve the model. However, they did not include the effects of treatments/controls on the model. Walk et al. \[[@CR16]\] developed a model to predict how myeloma cells collectively behave and proteins that involved in kidney damage. This research focuses on the interaction between cells in the proximal tubule of the kidney, free light chains, renal fibroblasts, and myeloma cells. Other mathematical models related to kidney diseases were kidney failure diagnostics model using the Artificial Neural Network (ANN) \[[@CR17]\] and the effects of proliferative kidney diseases model using the differential equations \[[@CR18]\]. Although these studies investigated the kidney problems but the effects of hard water consumption on kidney problems and its controls are not well studied. To the best of our knowledge, little modeling research has been conducted to investigate the effects of the consumption of hard water on the kidney-related diseases. Motivated by this, in this paper, we analyse the problem by the use of a mathematical model. In this paper, the effects of control and a global sensitivity analysis have been analysed.

Main text {#Sec2}
=========

Methods and results {#Sec3}
-------------------

### Formulation of mathematical model {#Sec4}

This section presents formulation of a mathematical model of the effects of hard water consumption on kidney-related diseases. We extend the model of Tambaru et. al. \[[@CR7]\] and Ndii et al. \[[@CR14]\] by including the kidney-related disease compartment and the control parameters. Let *S* be susceptible class, *I* be kidney dysfunction class, $\documentclass[12pt]{minimal}
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                \begin{document}$$u_1$$\end{document}$ is the treatment/control rate. The individuals with kidney related diseases recover due to self-recovery at a rate $\documentclass[12pt]{minimal}
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                \begin{document}$$u_2$$\end{document}$ is the treatment/control rate. An increase level of the hardness of water is determined by the parameter *b* and limited by the carrying capacity, K. The level of hardness of water decreases when the control on water is implemented at a rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda (W)$$\end{document}$ is the probability of individuals attracting kidney dysfunction which depends on the concentrations of calcium and magnesium in the water which is governed by the following equation,$$\documentclass[12pt]{minimal}
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The parameter descriptions, ranges of values, references, and units are given in Additional file [1](#MOESM1){ref-type="media"}: Table S1. This is used in the numerical simulation and sensitivity analysis.

Analysis of the model {#Sec6}
---------------------

### Non-dimensionalization of the model {#Sec13}

In this section, we nondimensionalised the model. To make system ([1](#Equ1){ref-type=""}) dimensionless, we made the following substitution: $\documentclass[12pt]{minimal}
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Positivity and boundedness of the solution {#Sec7}
------------------------------------------

This section presents the positivity and boundedness of the mathematical model. The model describes the changes in human population and hence it is well-posed if it satisfies the positivity and boundedness conditions.

### **Theorem 1** {#FPar1}
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### *Proof* {#FPar2}
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### **Theorem 2** {#FPar3}

*Let*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Omega _H= & {} \left\{ (s, i, i_r, r)\in (\mathbb {R}_0^+)^4 | 0\le s(t)+i(t)+i_r(t)+r(t)\le 1\right\} , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Omega _W= & {} \left\{ w\in \mathbb {R}_0^+ | 0\le w(t)\le 1-\frac{u_3}{b}\right\} . \end{aligned}$$\end{document}$$*Define*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega =\Omega _H \times \Omega _B$$\end{document}$. *If*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N(0)\le 1$$\end{document}$*and*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w(0)\le 1-\frac{u_3}{b}$$\end{document}$, *then the region*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega$$\end{document}$*is positively invariant for Model* ([3](#Equ3){ref-type=""}) *for non-negative initial conditions.*

### *Proof* {#FPar4}
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Sensitivity analysis {#Sec14}
--------------------

In sensitivity analysis, we use the combination of Latin hypercube sampling (LHS) and Partial rank correlation coefficient (PRCC) multivariate analysis to determine the most influential parameters of the model \[[@CR19]\]. First, we measure against the increasing proportion of individuals with kidney dysfunction which is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C_I=\int _{0}^{T}\beta \lambda (w)s(t)dt. \end{aligned}$$\end{document}$$The results of sensitivity analysis are given in Additional file [1](#MOESM1){ref-type="media"}: Figure S1.
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We measure against the increasing proportion of individuals with kidney-related diseases, which is$$\documentclass[12pt]{minimal}
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Figure [1](#Fig1){ref-type="fig"} presents the results of a sensitivity analysis when measured against the increasing proportion of individuals with kidney-related diseases. It shows that the parameter $\documentclass[12pt]{minimal}
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Optimal control analysis {#Sec9}
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### **Theorem 3** {#FPar5}
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### *Proof* {#FPar6}
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Numerical simulation {#Sec10}
--------------------

This section presents numerical simulations of the model. Most parameters are strongly uncertain and hence further research needs to be conducted to obtain the precise values. In the numerical simulation, the following parameter values are used: $\documentclass[12pt]{minimal}
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Figure [2](#Fig2){ref-type="fig"} illustrates the numerical solutions of the model with and without control. The proportion of individuals with kidney dysfunction and kidney-related diseases decreases by approximately 20% and 17% respectively after the control is implemented. The control profile is given in Fig. [3](#Fig3){ref-type="fig"}b. It can be seen that the control rate on water is at highest level and decreases at the end of period.
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Figure [3](#Fig3){ref-type="fig"} shows that an increase in the weights $\documentclass[12pt]{minimal}
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Discussion and conclusion {#Sec11}
-------------------------

A global sensitivity analysis shows that the transmission rate $\documentclass[12pt]{minimal}
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Optimal control approach has been conducted to determine the effects of control on disease dynamics. We found that around 9% reduction in the concentration of calcium and magnesium in the water leads to 20% and 17% reduction in the proportion of individuals with kidney dysfunction and kidney-related diseases. Although the costs of control associated with kidney dysfunction, kidney-related diseases and water increases (very cheap, cheap, expensive and very expensive), the results are similar. That is, the control on water is at high level followed by the control on kidney-dysfunction and kidney-related diseases. This means that the costs of controls do not significantly affect the level of control. The results are realistic since the process of transmission is on one direction: consumption of hard water resulting in kidney dysfunction and leading to kidney-related diseases. Therefore, in order to reduce the proportion of individuals with kidney-related diseases, control on water should be implemented. The results are similar to that of sensitivity analysis which shows that the water-related parameters are the important parameters.

Limitations {#Sec12}
===========

Although the model provides general insights on the effects of hard water consumption on kidney related diseases, it presents a general theoretical results only. Therefore, the model can be extended to study a specific water-related diseases due to the consumption of hard water. As the parameter values are strongly uncertain, further research needs to be undertaken to obtain the precise parameter values. These are the subjects of future work.
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**Additional file 1: Figure S1.** PRCC values when measured against the increasing number of individuals with kidney-dysfunction.**Table S1.** Parameter descriptions, the Parameter ranges, References, and Units.

NTT

:   Nusa Tenggara Timur

LHS

:   Latin hypercube sampling

PRCC

:   Partial rank correlation coefficient
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